TIME-PRESERVING STRUCTURAL STABILITY OF HYPERBOLIC 
DIFFERENTIAL DYNAMICS WITH NONCOMPACT PHASE SPACES 
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Abstract. Let S; E ^ R" where r„E = R" for all «; G E, be a Ci-differential 
system on an n-dimensional Euclidean lu-space E, which naturally gives rise to a flow 
4>: {t,w) t.w on E, and let A be a t/i-invariant closed subset containing no any 
singularities of S. If A is compact and hyperbolic, then Anosov's theorem asserts that 
S is structurally stable on A in the sense of topological equivalence; that is, for any 
C^-perturbation V close to S, there is an e-homeomorphism H : A ^ Ay sending 
orbits (j)(S.,w) of S into orbits rpy (M., H (w)) of V for all w in A. In this paper, using 
Liao theory Anosov's result is generalized as follows: Let ipy : K X S — > S be the cross- 
section flow of V relative to S locally deflned on the Poincare cross-section bundle 
S = U™6A ^™ of ^' where = {«)' S E | {S{w), w' - w) = 0}. If S is hyperbolic on 
A and V is -close to S, then there is an e-homeomorphism w i-^ H{w) £ E^i from 
A onto a closed set Ay such that ^y{t, H(w)) = H{t.w) for all u) G A, where A need 
not be compact. Finally, an example is provided to illustrate our theoretical outcome. 



1. Introduction 

In [SI [7], professor S.-T. Liao established the theory of standard systems of differential 
equations for C^-differential dynamical systems on compact Riemannian manifolds. Then 
he systematically applied methods in the qualitative theory of ODE to study stability 
problems of diffcrcntiable dynamical systems via his theory [H] . We in [51 [3] generalized 
in part Liao's theory to differential systems on Euclidean spaces. Via the generalized, in 
turn we can apply the approaches of ergodic theory and differentiable dynamical systems 
to the study of the qualitative theory of ODE [3l|4]. In the present paper, we continue to 
perfect Liao theory and give a further application. 

Assume, throughout this paper, that S': E ^ M" is a C^-vector field on an n-dimcnsional 
Euclidean w-space E, where n > 2 and TmE = R" for all w, and the equation w = S{w) 
naturally induces a continuous-time dynamical system 0: R x E — > E; (t, w) i— > i.i/; on the 
phase-space E. Let 

E = I J Y.^ where = {w' e E | {S{w),w' - w) = 0} , 

be the cross-section bundle of S. Then, S gives naturally rise to a formal (local) Poincare 
cross-section flow 

R X S ^ E; {t,w + x) ^ t.w + ipt,wX, 
where w' — w + x means w' G Yj^ and where '4)t,w '■ Y^ — w ^ Yt^w ^ t.w is locally well 
defined for any {t,w) G R x E by ipt,wX — <p{to, w + x) — t.w, where to is the first t' > 
when t > or the first t' < when t < with w + x) G Y,t,w Clearly, ip is a local 
skew-product flow based on satisfying "04,^,0 = 0. 
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Let be the space of all C-'^-vector fields on E endowed with the C^-topology 

induced by the usual C-'^-norm || • Then, for any V £ X^(E), on E we may also 
naturally define a formal local skew-product flow 

ipv : R X E ^ S; {t,w + x) i-^ t.w + 4'V;t,wX. 

Note here that 'ipv-t.wO need not equal when V S. 

Let T^, = TqS^ be the {n — l)-dimensional tangent space to the hyperplane E^, at 
w + for all w G E and T = IJ^gg called the transversal tangent bundle to S over 
E. Clearly, = — w — {x £ R" | {S(w), x) = 0}. Then, we can define naturally the 
linear skew-product flow transversal to S 

: R X T T; (t, (w, x)) {t.w, *t,^a;), 

where '^t.w'- Tu, Tt.w is defined as = Doipt,w for any {t,w) G R x E, associated 
with S. 

Recall that a (/)-invariant closed subset A is said to be hyperbolic, provided that there 
exist constants C > 1 , A < and a continuous ^P-invariant splitting 

T^=T^®T^ we A 

such that 

||*to+t.u,a:|| < exp{\t)\\^to,wx\\ \fx e 

and 

||*to+t.«.^ll > Cexp(-Ai)||*t„,^a;|| Vx € 

for any io G R and for alH > 0. 

Then, Anosov's structural stability theorem [H [9] asserts that: If A is a compact hy- 
perbolic set for S, then for any e > there is a C'^ -neighborhood U of S in X^(E) such 
that, if V eU then there exists a e-topological mapping h from A onto some subset Ay of 
E which sends orbits of S in A into orbits of V in Ay ■ 

This important theorem was extended to axiom A differential systems 113) , and to 
C*^-perturbations by considering the so-called semi-structural stability independently by [Sj 
[7]; for discrete versions, see [T2j[T4l[9l[l5l|T0]. On another direction, in this paper, we study 
the structural stability of noncompact hyperbolic set under time-preserving conjugacy 
between the induced cross-section flows. More precisely, using Liao theory we prove the 
following. 

Main Theorem. Let A be a hyperbolic set for S , not necessarily compact, satisfying the 
following conditions: 

(Ul) The first derivative S'{w) is uniformly bounded on A; 

(U2) < inf^6A \\Siw)\\ < sup,„gA II^HII < 

(U3) S'{w) is uniformly continuous at A; that is, to any e > there is some 5 > so 
that for any to G A, ||S"(t(;) — S"(rD)|| < e whenever \\w — To\\ < 5. 

Then, for any e > there is a -neighborhood lA of S in (E) such that for any V £lA 
there exists a e-topological mapping H from A onto some closed subset Ay which sends 
orbits of S in A into orbits of V in Ay, such that H(w) G E^j and ipvit, H{w)) = H{t.w) 
for all w £ A and for any t G R. 

Notice here that if A is compact, then conditions (Ul), (U2) and (U3) hold automat- 
ically. So our result is an extension of the classical one. Even for the compact case, the 
time-preserving property is still a new ingredient in our main theorem. 
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To prove this result, we will introduce the reduced standard systems of differential 
equations for perturbations of 5 in !j2] and recall Liao's exponential dichotomy in ^ 
Finally, we prove the Main Theorem in ^ using simplified and extended Liao approach 
that is completely different from Anosov's geometrical approach [T] and Moser's functional 
approach ^ to differentiable dynamical systems on compact Riemannian manifolds. And 
in Sj4l we will construct a differential system which has a noncompact, structurally stable, 
hyperbolic subset. 

2. LlAO STANDARD SYSTEM OF DIFFERENTIAL EQUATIONS 

Let S be any given C^-differential system on E and A a (/)-invariant closed subset in E 
satisfying conditions (Ul), (U2) and (U3) as in the Main Theorem stated in !JT] Around a 
regular orbit 0(M, w) we defined in [3J the reduced standard systems for S itself. However, 
we will introduce below the standard systems for perturbations V of S. 

2.1. As usual in Liao theory [3l[4] , let = UMieA^^n-i w be the bundle of transver- 

sal orthonormal (n — l)-frames, where the fiber over w is defined as 

K-l,^v = {l=iui,..., un~i) e X • • • X "j) = 5'' for 1 < I, J < n - 1} , 

endowed with the naturally induced topology. Then, S naturally generates a skew-product 
flow over (j) 

(2.1) K X ^:ii(A) ^ ^:ii(A); {t,{wn)) - {t.w^xll^), 

where Xt^,w ■ ■^n-i w ~^ ^n-i t w is defined by the standard Gram-Schmidt orthonormal- 
ization process; cf. [2 [3] for the details. 

Let e = {ei, . . . , e„_i} where Cj — (0, . . . , 0, 1, 0, . . . , 0)"^ e M" ^, be the standard 
basis of R"~^ and we view y E K"^^ with components y^, . . . , as a column vector 
{y^, . . . , y"""^)"^ and 7 G -^n-i ^ ^ n-by-(n^ 1) matrix with columns C0I17, . . . , col„_i7 
successively. 

Given any orthonormal (n — l)-frame (^,7) G J^*L]^(A), sometimes written simply as 
7u,, we define by linear extension the linear transformation 

(2.2) T;^ : M"-! ^ 
in the way 

Sj i—t colj7 (1 < J < ~ !)■ 
Since 7 is an orthonormal basis of , 7^*^ is an isomorphism such that 

n-1 

VM =iy = Y. coin and = ||72/||t„ Vy e W-\ 

Moreover, we now define 

(2-3) c;jt) = T;.ii_^^)OM.,,,,or;^ VieM, 

where x*" : K x ,^^^_^{k) .^*1^{A) as in Then the commutativity holds: 

1 (t) 

(2-4) r;„| |r;..^,,^^, 

TTiu ^ — > Tt.w 
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We now think of C*^ (t) as an (n — 1) x (n — l)-matrix under the base e of R" ^. Clearly, 
1 1-^ jtC*^ (t) makes sense since S is of class and by (|2.4p we have 

(2.5) c;jii + i2) = c*..(,^_^^)(i2)oc;jti) vii,i2eM. 

Put 

(2.6) i?;ji)-{|q„w}qji)"' v(i.,7) e ^:ii(A). 

Definition 2.1. The linear differential equation 

{RV y = (i,y)eMxR"-i 

for any {w,j) G ^*^_i{A), is called the reduced linearized system of S under the moving 
frame x*Ht,lw)- See [21 [3]. 

These reduced linearized systems of S possess the following properties. 
Lemma 2.2 ([HIS]). The following statements hold: 

(1) Uniform boundedness: R*^{t) is continuous in {t,{w,j)) mR x ^*^_^{A) with 



VA 



sup \ ^ |i?;i^ (<)|; t G R, («;,7) G ^:ii(A) \ < oo. 



(2) Upper triangularity: R*^ (t) is upper-triangular with 
K(x*«(t,7..)) ••• 



Vi G 



••• <_i(x*«(i,7^)). 

where (^"^{w , "f) , 1 < k < n — 1, called the "Liao qualitative functions" of S , are 
uniformly continuous in {w,j) G =^*1]^(A). 
(3) Geometrical interpretation: Let v = jy G for y G R"^"'^. If y{t) — y{t, y) is the 
solution of (Rj^) with y{0) — y, then 

^u^.v^T*.,^^^^^^y{t) = ix:l,l)y{t). 

Conversely, letting x{t) — {x^{t), . . . ,x^^~^{t))^ G M"~^ be defined by 

x\t) = {'^t,wV, co\^x*tLl) i = 1, . . . , n - 1, 

\ I t.w 

we have x{t) = i?*^(i)a;(t) and x{Q) — y. Particularly, C*^{t) is the fundamental 
matrix solution of {R^^ ) • 

As a consequence of the above lemma, we have 

Corollary 2.3. Let A be hyperbolic for S associated to ^> -invariant splitting T\ — T(©r^. 
Then, there are two constants T] > and d> such that: for any (if, 7) G ^*^_i{A), if 
coli7 G for i — 1 , . . . , dim then 

i-T 

^*kix*Hto + t, (w,7))) dt < r,T, 1 < fc < dimT^ 



T 

<ix*Hto + t, (u.,7))) dt >r)T, dimT^, + 1 < fc < n - 1 
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for any Iq CzM. and for all T > d. 

Proof. The statement comes immediately from Lemma 12.21 and ff, Lemma 3.7]. □ 

2.2. For a constant c > 0, let M^^i = {y e M""^ ||y|| < c}. Fix any w £ A. For any 
7 G =^*Li ^, we need the C^-mapping 

defined by 

r*^^^{t,y) = t.w + (x:,l7)y e St.^ V(t,z/) e M X m"-i. 
It is known [3, Lemma 5.1] that there is a constant c > 0, which is independent of (w, 7) £ 
^*ij(A), such that P^.^ is locally diffeomorphic on R x R"^^. In fact, according to [5] 
there is some e > so that for any w £ A, ^ is diffeomorphic from (— e, e) x R"~^ into 
E. 

Given any {w,j) £ ^*i;^(A). Define a C^-vector field on R x R';-i 

Sm.'y • ^ ^ ^'^c ^ — ^ ^^^^ 

with 0) = (1, 0)"^ £ R x R"-i in the following way: 

S^nit, y) = S{Vl^^{t, y)) y{t,y)£Rx R^ 1. 

Since V^ .y is locally C^-diffeomorphic, Sw^^{t,y) is well defined. We now consider the 
autonomous system 

(2.7a) ^ Q = S^^^it, y) {t, y) G R x R^^ 

and write 

(2.7b) S^,^{t,y)= {s°^^^{t,y),...,S'^-\t,y)Y £RxM."~\ 

Next, put 

(2.8) s:^^it,y)^(^^,...,^^^] eR"-i yit,y)£RxWr\ 

Definition 2.4 ([3J). The non-autonomous differential equation 
(5;,^) y = 5;,^(t,y) {t,y)£RxWr' 

is called the reduced standard system of S under the base {w,j) £ J?'^1]^(A). 
Is is easy to see that 

(2.9) ^:-,^(i + ti,y) = 5*.«(t,(^,^))(ii,y) y{t,y) £RxR^-\ 
For convenience of our later discussion, we write 

(2.10) K,-y(i,2/) -^-^ + ^,7(^,2/), where GTt.„. 
The following is important for our later arguments. 

Lemma 2.5 ([2])- Under the conditions (Ul), (U2) and (US), the following statements 
hold: for any (it;, 7) £ ^*ij(A) 

(1) S^ ,y{t,0) = G R"^-'^ for all t £ R, and S^ ,y{t,y) is continuous with respect to 
(i,y) e R X R'^-i. 
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(2) For any (t, y) £ R x R^-\ let w = t.w + x ^ V^.-yit, y) € St.^, and 

y*{t) = y;,^(t;f,y) t e (r',r") ™/iere f G (r',r"), 
he the solution of {S^j ^) with y*{t) — y. Then 

^Pit - i, lu) = y*it)) e ir' <t< r"). 

(3) Sj^ ^{t^y) is of class with respect to y ^ R"^-'^ such that 

dS*^^^{t,y)/dy^K^^{t) asy^O 
uniformly for {t, {w, 7)) G M x ,^*^_^{A). 
From here on, for any w G A we will rewrite (S*^ ^) as 
(2.11a) y = K^^{t)y + y) (t, y) G R x R^' 

where 

(2.11b) ^;e^(„,^)(i,2/) - S*^^^{t,y) - K^^{t)y. 

Then, we have the following result. 

Lemma 2.6 ([3]). Under the conditions (Ul), (U2) and (U3), to any k > 0, there is some 
^ G (0, c] so that 

\\Srcm{w,'y)(*^y) " S*^m(w ,-y)(^^ y')\\ < i^Wv ~ vW whenever y,y' G R^"^ 
holds uniformly for {t, {w,-f)) G R x ^*i;^(A). 

2.3. In what follows, we let T^: E — * R" be an arbitrarily given another vector field 
on E. Note here that (^*Li(A), x*") stih corresponds to S. 

In order to introduce the standard systems of V associated with 5, let us consider firstly 
a simple lemma. 

Lemma 2.7. Let h: N N be a map of class from a manifold N into another 
manifold N . Let X and X he vector fields on N and N, respectively. If {Dh)X = 
X then for any p G N, h maps the integral curve (f>xit,p) of X into an integral curve 
(l>x{t,h{p)) of X such that 4>x{t,h{p)) — h{<px{t,p)). 

Proof. Let h{p) — p. Define a curve in by C: 1 1-^ h((l)x{t,p)). Since 

j^Mt.P) = X{Mt,P)) and {Dh)X{Mt,P)) - X{C{t)) - ^C(i), 

we get that C{t) is an integral curve of X satisfying the initial condition C(0) = p. Now 
put (j)x{t,p) = C(t), which satisfies the requirement of Lemma 12.71 □ 

Particularly, we will be interesting to the case where A^ = R x R"^^,A^ = E and 
h = P^ .y and AT = for any given {w,j) G ^*Lj(A). Correspondingly, there X is right 
the so-called lifting system that we are going to define. 

Definition 2.8. Given any {w,j) G ^,*i]^(A). Define a C°-vector field 

V^^^: R X R';-i ^ R" 

in the following way: 

V^,yit,y) = ViV:^^it,y)) V(t,y) G R X R'^-i. 
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Then, the autonomous differential equation 

d_ ft 

dt \y 



(2.f2a) 



K,,7(i,y) t e R, (t, y) e R X m;?- 



is referred to as a lifting of V under the moving frames {x*H't> (w^j7)))tGR- 
Write 

Clearly, it follows from V^Jt,y) = V*^„^^ f^^^^^^{0,y) that 

(2.13) = K,.,(t,(^,^))(0,y) V(i,t/) eRxR'r^ 

Although ^ is only C^, we can obtain more about the regularity of 14^,7(^,2/) with 
respect to y G as long as F is C^. 

Lemma 2.9. Given any (w,7) G .^*1]^(A), i/ie lifting Vw^^{t,y) is of class in y; 
precisely, for 1 < i < n ~ I, dVw^-yit, y)/dy^ makes sense and is continuous with respect to 
{t,y, (w,^)) mRx R^' x .^UiA). 

Proof. The statement comes immediately from the regularity of "P^ ^{t, y), as the argument 
of [21 Lemma 5.3]. □ 

Next, let 

{S,V}\= sup \\\S^,^{t,y)-V^^^{t,y)\\ + \\-^[S^,^{t,y)-V^Jt, 



(«',7)e^;"_i(A) 



From ((2?T3)) we get 



{S, V}^ = sup 

(«',7)6J^:^(A) 



dy 



\S^,^{0,y) - K,,7(0,y)|| + \\-g^[S^,-fiO,y) - V^,^iO, 



Then, we have 

Lemma 2.10. There exists some constant bA > such that 

\\S-V\\i>\>a{S,V}\ yvex\E). 

Proof For any (^,7) S ^*ii(A) let 

dP*^,^{t,y) 



d{t,y) 



be the n-by-n Jacobi matrix of Jt, y) at (0, y) G R x W^''^ . Then 



^,7(0, 2/) ^w + -iy 



and 



S{w) 



dt 



ix*tLi)y, 7 



t=0 



Thus, for any y G R" ^ we have 

SwniO,y) - K,,7(0, y) = Jnj,^{yy^{S - V){w + 7?/) 



8 



X. DAI 



Moreover, from condition (Ul) we can prove by the argument of [3l Lemma 5.3] that 
^It-O'^*.™^' '^i^''^^'^ n-by-(n — 1) matrix, is uniformly continuous and bounded 

for any {w,j) G ,^*'Li{A.). Therefore, there is some constant bA > which satisfies the 
requirement of Lemma 12.101 □ 

From Lcmma r2.101 condition (Ul) and 5° ^{t, 0) — 1, we may assume, without any loss 
of generality replacing c by a more small positive constant if necessary, that 

• a C^-neighborhood of S in X^(E) such that: for any V £ Ms 

• I < < I for any {t,y, (w,-,)) £ K x x -K-iW- 
Thus, the following definition makes sense. 

Definition 2.11. Given any (F, (-10,7)) £ K 'x set 

The non-autonomous differential equation 
(V:,^) y^V:^^{t,y) {t,y)eRxW:-' 

is referred to as the standard system ofV associated to {S, {w,j)). 
From (|2.13p we have 

(2.14) K:,^(i + ^',y) = ^;.«(t,(-.7))(^''^) Vt,t'eMandyeMr'- 

In what follows, we write (V^^^) as 

(v:,^) y = Kni*)y + y) y) e m x wr^ 

where 

(2.15a) KL(«.,7)(*' y) = y) - K,^{t)y 

such that 

(2.15b) KL(-,7)(* + *''^/) = K-W«(M-,7)))(*''y) Vt,t'eM. 

Similar to Lemma l2.5[ we obtain the following result. 
Theorem 2.12. Given any V £ Ms, the following statements hold: 

(1) Kcni(«,,7)(^' y) ^KL(™,7)(*' "'^e conimwous in (i, y, (w, 7)) G R x K^?"! x 
^:ii(A). 

(2) Gi«en any (^,7) G ^„li(A). //y*(t) = y*v,^^^{t-M,y)) where t' < t,to < t" , is 
the solution of (V^^ ^) with y*{to) — y, then 

il^vit ~to,'P^^^{to,y)) ^Vl,^^{t,y*{t)) G St.^,. 

Moreover, similar to Lemma 12.61 we have the following important result. 

Theorem 2.13. The following three statements hold. 

(1) Given any (V, (1(7,7)) G Ms x J^*i]^(A), there is some L > such that 

llKL(»,7)(i'2/) - KL(.„,7)(i'2/')ll < L\\y - y'W 
for any t E M. and for any y, y' G M"^"'^. 
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(2) To any rj > there exists a -neighborhood C Afs of S and ^' G (0, c] such 
that: yV eUi 

sup < V(i«,7) e KUW- 

(3) To any given k > there corresponds a -neighborhood lA'J C Ms of S and a 
constant e (0, c] such that: \/V e WJ 

\\VrUr.,y)it,y) - <4y- y'W ^v.v' e 

uniformly for [t, {w, 7)) G R x ^*ij(A). 
Proof. By (I2.15ap . Lemma [2.101 and Lemma and condition (Ul) 

L sup { \\dV:^^{t, y)/dy\\ + \\K,^{t)\\} < +00 

(t,l/)eRxR" ^ 

which satisfies the requirement of the statement (1). 

Given any 77 > 0. For any V G and for any (w, 7) G J?'*ij(A) one can write 

Kcm(«,,7)(^'y) = (Kni^^y) - s^ni^^y)) + {s^^i^^y) - R*wni*)y) 

for any {t,y) G K x R"^^. Then, from Lemma [2.101 and Lemma [2.61 there exists a C^- 
neighborhood U!, C JVg of S and a constant ^' G (0, c] such that 

sup \\V:^^{t,y)\\ < vi' y{w,i) G K-iW and V G K 

(t,y)GRxR^r' 

This shows the statement (2). 

Now given any k > 0. Next, for any V Afs consider 



VrU^,^^it,y) = ^ {v:^,it,y) - S*^^^it,y)) + (J-S*^^^{t,y) - 



d_ 

dy 

From Lemma [2. 101 we obtain that 



\\—(v:^^{t,y)-Sl^^{t,y)) II ^Oas ||l^-5||i ^0 

uniformly for {t,y,{w,^)) G R x R"^^ x and, from Lemma 12.21 there exists 

G (0, c] so that 

||^5:,^,(t,y)-i?;,,(i)|| < ^ V(t,K7)) eMx^:l,(A) andyGR^,7^ 
Hence, there is a -neighborhood U'J d Ms oi S such that: VV" G iY" 



II^KL(»,7)(i,2/)ll < ^ V(i,(u;,7)) e M X K^i^) and y G 



])n— 1 



This imphes the statement (3) by the mean value theorem. 

Thus, Theorem l2.13l is proved. □ 
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3. Exponential dichotomy 

In this section, we will introduce the exponential dichotomy due to Liao [7], by which we 
consider in part the relationship between the phase portraits of linear differential equations 
and their small perturbations on Euclidean spaces. Here we shall deal with families of 
ordinary differential equations, nor only a single equations. 

Given a positive integer p. For convenience of our later discussion, let M^^^p be the set 
of continuous matrix- valued functions yl : M ^ gl(Pi ^) such that 

(a) A{t) is triangular with Aij (t) = for I < j < i < p; 

(b) A is uniformly bounded on M with rjA ■— supj^g |jj4(t)|| < oo; 

(c) A is hyperbolic with index p- in the following sense: 

{P- pt P poo 1 

In addition, let Mpxi be the set of continuous functions /: M x ^ Rp such that 

(d) f{t, z) is bounded on M x with 77/ := sup^j 2)eRxRp -2^)11 < 

(e) J{t, z) is Lipschitz in z with a Lipschitz constant Lf: 

\\f{t,z)~f{t,z')\\<Lf\\z~z'\\ 
for alH G M and for any z, z' £ W. 
For any [A, /) e A/jfxp ^ ^^pxi, we will study the equations 

(3.1) i = A{t)z + f{t,z), (t, z)eRxRP 
and 

(3.2) i = A{t)z, (t,z)eMxMP. 

For any (s,u) G M x let ZA.f{t;s,u) and ZA{t\s,u) denote the solutions of p.ip and 
p.2p with ZA.f{s] s,u) — u — za{s\s,u), respectively. 

The following result is important for the proof of our main theorem. 

Theorem 3.1 ( 7, Theorems 3.1 and 3.2]). Let [A, /) G M^^^ x Mpxi he any given. Then, 
there is a unique surjective mapping 

Aaj : M X RP ^ M X RP; (s, u) 1-^ (s, A,{u)) 

which possesses the following properties: 

(i) Aaj maps the phase-portraits of iS. 1]) onto that of iS.S^) . In fact, 
AA,f{t,ZA.j{t;s,u)) = {t,ZA{t;s,As{u))); 
that is to say, the following commutativity holds: 

MP MP 

At 



(ii) Aaj is a SAj-mapping, i.e., \\{s,u) — Aaj{s,u)\\ < eaj for all {s,u) G R x R^, 
where 

EAJ =r]fUi^ + 2r]AUr; 

(iii) For any (s, u), (s, m') G R x R^, ^Ajit] s, u) — z^(i; s, u') is bounded on R if and 
only if As(u) — v! . 
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(iv) // ^ 

then A.AJ is a self-homeomorphism o/M x W. 

Next, we endow M^^^ x Mpxi with the compact-open topology. Let (P, d) be a metric 
space with metric d and tjp > 0, > 0, > constants with Lp < -^^^j^^^^^^ ■ Let 

6 : P ^ M^^p xMp^i; \^ (A^Jx) 
be a continuous mapping such that rjA^ < ?7p, Caa 1^ Cpj ^/a ^^^'^ 
(021) A i = AA(i)z, (t,z)eRxMP 

has no any nontrivial bounded solutions. We consider the bounded solutions of the equa- 
tions with parameter A 

(EIIIa z = Ax{t)z + fx{t,z), {t,z)eRxW. 

Define 

in the way: for any A G P 

Aa(0,A*(A)) = (0,0) e M x RP 

where Aa = AaaJa : M x Rp -> R x Rp is determined by Theorem O for ^^x and ^2iix. 

We will need the following result, which will play a useful role in the later proof of our 
main theorem in fjH 

Theorem 3.2. The mapping A* : P ^ R^ is continuous. 

Proof. Let Ao G P and e > 0. Letting xq = A*(Ao) G R^, we assert that there exists some 
S > such that || A*(A) — xo|| < e whenever A G P with d{X, Xq) < S. If the assertion were 
not true, there would be a sequence Xj ^ Ao in P satisfying ||A*(Aj) — xo|| > s for all j. 
Since for alH G R we have 

WzA.^j,^ {t; 0, A*(A,))|| < 7yp^p(l + 2r?pCp)^ J = 1, 2, . . . 

by Theorem 13. 11 we can assume A*(Aj) x for some x G R^ and jjx — xo|| > e. As S is 
continuous, it follows from a basic theorem of ODE that 

lim ZAA^.jA,(i;0,A*(A,))=z^,,,j,„(t;0,x) Vt G R 

which implies that z^^^ (t; 0, x) is a bounded solution of p.ip \g . So, x = xq, it is a 
contradiction. □ 

4. Structural stability of hyperbolic sets 

In this section, we will prove our main theorem stated in the Introduction and construct 
an explicit example. 

We assume that 5 : E ^ R" is a C^-vector field on the n-dimensional Euclidean w-space 
E, n > 2, which gives rise to a flow (j): (t, w) ^ t.w. Let A be a (/>-invariant closed subset, 
not necessarily compact, of E such that 

(Ul) S'{w) is uniformly bounded on A; 

(U2) < inf^eA \\Siw)\\ < sup^g^ \\S{w)\\ < 

(U3) S'{w) is uniformly continuous at A; that is to say, to any e > there is some S > 

so that for any ro G A, \\S'{w) ~ S"(rD)|| < e whenever \\w - w\\ < S. 
Now we prove the following structural stability theorem by using Liao methods. 
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Theorem 4.1. Let K he a hyperbolic set for S ; that is to say, there exist constants C > 
1, A < and a continuous -invariant splitting 

such that 

\\-^to+t,^x\\ < exp(At)||«'t„,„a;|| Vx e 

and 

\\^to+t..v^x\\ > Cexp(-At)||«'(„,^a;|| Vx £ 

/or an?/ to G M and for all t > 0. Then for any e > there is a -neighborhood hi of 
S in X^(E) such that, if V ElA then there exists a e -topological mapping H from A onto 
some closed subset Ay which sends orbits of S in A into orbits of V in Ay, such that 
H{w) G and ipvit, H(w)) = Hit.w) S Et.u, for all w G A and for any i G M. 

Proof. Let 

A=[{wn)e ^:Li(A) I colfc7 G TZ for 1 < k < p^{w)} . 

Clearly, A is a. x*''-invariant closed subset of ^*ij^(A) with compact fibers Aw For any 
{w, 7) G A, we consider the reduced linearized equations 

(4.1) y^Rl^^{t)y, {t,y)eRxW'-\ 

which is defined as Definition 12.11 and consider the reduced standard system 

(4.2) y = + (t.y) e k x r^' 

for any V G X^(E) defined as in Definition 12.111 associated with 5. Then, we can take 
from Lemma 12.21 a constant r]\ > such that 

sup \\Rw,^{t)\\ <VA<oo. 



Thus, it follows from Corollarv l2.3l that there is another constant ^a > such that 



n-l 

+ E 

fc— l+p_ {w) 



< 00. 



By Lemma 12.5^ 1). Theorem 12.131 and Theorem 13. 1) there is no loss of generality in 
assuming that for any (w, 7) G -4 the reduced standard systems of S 

(4.3) y = R* {t)y + S:,,,^. it,y), (t , y) G R x 



-1 



has no any nontrivial bounded global solutions on M. 

Let 9Ic(w) = {w -\- X & S„; ||a;|| < c}. Given any e > small enough to satisfy that for 
any w G A and any w' & A with — < e, we have t.w' G O^c(w) for some \t\ < 2£^^^, 
where <^a — infi^igA > 0. On the other hand, according to [3] we may assume that 

for any w G A, ^c{w) n mdt.w) = for aU |t| < 2eOX^ 

Denote ^ ^ 

^^"4^(1 + 2^160^ ^"""^ " " 4^(1 + 2?7Aa)"-i 
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for any ^ G (0, c]. Then, by Theorem 12.131 there exists a C^-neighborhood U oi S in X^(E) 
and a constant ^ E (0, c] with ^ < 1 such that for any V EU we have 

(4.4a) sup <ep? 

(t,j()eKxRj 

and 

(4.4b) IIK:^K^)(t,y)-y,:^(^,^)(i,y')ll <«lly-?/ll Vy,y'eM^"-i 

uniformly for (t, {w, 7)) G R x ^. 

Fix some C°° bump function b: [0, 00) [0, 1] with 5|[0, 1/2] = 1 and 6|[1, 00) = 0. For 
any V eU and any (w, 7) G A, let 

T> „^ - /Klly|l/0KL(«,.,)(*.2/) for bii < c, 

Vrcmi^,^U(t,y) - for||2/||>c. 
Next, we consider the adapted differential equations 



(4.5) y = i?;^^(i)2/ + y,em(«,,7),?(i,2/), (t,y)eMx 



on— 1 



It is easily seen that i?*,^^(t) G and V;om(u,.7),c (*, y) e M(^n-i}xi as in §3 

in the case p = n — 1 and p_ — p-(w) for any (it;, 7) G A. Let yy s, u) be the 

solution of ()4.5p such that yv,(u,.7),{(s; s,u) = u for any (s, u) G R x M"^-'^. 
Given any V eU. 

For any (^,7) G A, it follows from Theorem 13.11 that there uniquely corresponds an 
X G R"^"'^, writing hv.^{w) — 7X G Su, — w ~ T^,, such that yY(^^ jy^{t; 0,x) is bounded 
on R with 

(4.6) suptgR||yy,(„,^)^j(t;0,x)|| < eC/4. 

So, yy.(u,^^)^^(t; 0, x) is also the solution of (|4.2p . According to Theorem 12. 12f 2) we easily 
see that such hv,^{w) is independent of the choice of 7 in Aw and is such that ||/iyj(w)|| < 
min{e,f}/4 for w £ A. By Theorem 13. II and Theorem 12. 12f 2) again we have easily 

(4.7) hv,i{t.w)^^Pv;tAhv,dw)) &^t.w ViGR, 

since tfjv-t.wihv.^i'w)) = "P^ yy_(u,,7),^(i; 0, x)) for any w G A. Moreover, we can assert 
that the mapping w ^ w + hy^^^w) is injective. In fact, if w + hv,^iw) = w' + hy^^(w') 
for some w,w' G A, then \\t.w — t.w'\\ < e/2 for all i G R. Since (|4.3p has only one global 
bounded solution on R, there is some t' with \t'\ < 2e^^^ such that t'w' = w. Thus, 
t' — 0. Otherwise Vt^{w) n Olc(w') ^ 0, it is a contradiction. 

Let Ay ^ {w + hv,^{'w) | w G A} and Hy ■ A Ay; w w + hv,^{w) G S^. Clearly, 
||i/7 — i/y (i«)|| < e. It remains to prove that Ay is closed in E and Hy is a homeomorphism. 

At first, we show that Ay is closed in E and Hy^ : Ay A continuous as well. Let 
w'j — > w' with Wj G Ay and Wj — Hy^{wj) for j = 1, 2, . . .. We have to prove Wj — > w for 
some w G A and w' — Hv{w). By the definition of Hv, there is a sequence (wj^jj) in A 
and a sequence (xj) in R"^^ such that 



w 



+ hv,^iwj) = Wj + "fjXj for j = 1, 2, 



Since G Awj C -^n-i^wj ^ =^n-i' ll^jll — s^/4 and =^„_i is compact, without loss of 
generality we may assume that 7^ — > 7 in and x^ ^ x in R"^-'^. Let w ^ w' ~ 7X. 

Then ^ w in A and w' = w -\- 7X and (w, 7) G A. In order to prove w' ~ Hv{w), it is 
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sufficient to prove that hv,^{w) = 7X. In fact, from Theorem 12. 12r i) and a basic theorem 
of ODE, we have 

lim sup ).^(i;0,u) - yy.(„^^).^(t;0,u)|| = VT > 0. 

|t|<T,||«||<c 

Thus, for all t e M we have 

lim 2/K(«,j,7,),c(^;0,Xj) = 2/v',(«'.7),«(*; 0'^)' 

which means \\yv,(w,'y),^{t',0,x)\\ < for all i G K. So, hv.^{w) = 7X, as desired. 
We can show that Hv is continuous by Theorem 13. 21 

Thus, the theorem is proved. □ 

Remark 4.2. If A = E, then Ay = E by a standard topology argument. Indeed, letting 
5'""'"^ = EU{c»}, Hy has a continuous extension from the topological sphere 5'"+^ to itself 
which maps 00 to 00 and is homotopic to the identity. Thus, from differential topology we 
know that i/y(E) = E. 

We conclude our arguments with an example. 

Example 4.3. Let S{x, y, z) = (1, y, —z)'^ G M'^ for any (x, y, z) e E^^, which is a differential 
system on the 3-dimensional Euclidean (a;, y, z)-space E'^. Let A = R x {0} x {0}. Then, 
S gives rise to the C^-flow (j): (t, {x, y, z)) 1-^ {x + t, ye*, ze^*), and S is hyperbolic with 
T(.,o,o) = ^(^..0,0) ®r(:,o,o)' ^here T^^ , ,^ = {0} x {0} x M,T« _„ ,) = {0} x M x {0} for any 
{x, 0, 0) G A, and S satisfies conditions (Ul), (U2) and (U3) on A. Thus, S is structurally 
stable on A from the Main Theorem. Particularly, for any £ > 0, if ^ G X^(E'^) is C^-close 
to S, then V has an integral curve which lies in the e-tubular neighborhood of R x {(0, 0)}. 
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